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STOCHASTIC CHARACTERIZATION OF HARMONIC
MAPS ON RIEMANNIAN POLYHEDRA.
M. A. APRODU, T. BOUZIANE
Abstrat. The aim of this paper is to relate the theory of harmoni-
ity, in the sense of Korevaar-Shoen and Eells-Fuglede, to the notion of
Brownian motion in a Riemannian polyhedron, ahieved by the seond
author. We dene an exponential map at some singular points. Under
the assumption that these exponential maps are totally geodesi (for in-
stane in dimension one), we nd the innitesimal generator of a Brow-
nian motion in a Riemannian polyhedron. We prove that it is uniquely
dened on some Banah spae. Finally, we show that harmoni maps, in
the sense of Eells-Fuglede, with target smooth Riemannian manifolds,
are haraterized by mapping Brownian motions in Riemannian polyhe-
dra into martingales, while harmoni morphisms are exatly the maps
whih are Brownian preserving paths.
1. Introdution.
Brownian motions in Riemannian manifolds are intimately related to har-
moni funtions, maps and morphisms. The origin of this relationship is the
denition of a Brownian motion in a Riemannian manifold as a diusion
proess generated by the Laplae-Beltrami operator, whih is also the basi
tool in the theory of harmoni maps. In [8℄, Darling studied the relation be-
tween the behaviour of Brownian motions under maps between Riemannian
manifolds and harmoniity.
The theory of harmoni maps between smooth Riemannian manifolds was
extended by Gromov, Korevaar and Shoen (see [17℄, [20℄) to the ase of
maps between ertain singular spaes, suh as admissible Riemannian poly-
hedra. Riemannian polyhedra are interesting in many regards. They arry
natural harmoni spae strutures in the sense of Brelot, and they inlude
several geometri objets: smooth Riemannian manifolds, Riemannian orbit
spaes, normal analyti spaes, Thom spaes et. A deeper study of har-
moni maps and morphisms between Riemannian polyhedra was done by
Eells and Fuglede in [11℄. Using the weak onformality property, in the ase
when the target spae is a Riemannian manifold, they obtained the same
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haraterization for harmoni morphisms as in the smooth ase, f. [13℄ and
[18℄.
On the other hand, a rigorous onstrution of a Brownian motion in a
Riemannian omplex, was given by the seond author in [4℄. In partiular,
this onstrution applies to the ase of a Riemannian polyhedron. Previously,
Brin-Kifer had onstruted a Brownian motion in the partiular ase of at
2-dimensional admissible omplexes [7℄.
The aim of this paper is to relate, in the ase of Riemannian polyhedra,
the theory of harmoni maps and morphisms [11℄ to the notion of Brownian
motions in Riemannian polyhedra [4℄, in order to generalize Darling's results,
[8℄, [22℄. Notie that the seond dierential alulus on Riemannian mani-
folds, whih is the basis of the theory of stohasti alulus, has no natural
generalization on Riemannian polyhedra. Consequently, we are ompelled to
develop a new approah mixing smooth theory with some hybrid methods.
The outline of the paper is as follows. Setion 2, inluded here for the
sake of ompleteness, is an overview on Riemannian polyhedra, energy of
maps, harmoni maps and morphisms on Riemannian polyhedra, Brownian
motions in Riemannian manifolds, martingales et. In Setion 3, we prove
that the Brownian motion has a unique innitesimal generator dened on
some Banah spae. In this setion we also study the behaviour of Brownian
motions under harmoni funtions in the sense of Gromov-Korevaar-Shoen
[17℄, [20℄. In order to state this haraterization we show that the Brownian
motion in a Riemannian polyhedron has the "Laplaian" as an innitesimal
generator Theorem 3.5 (we give a suitable denition of the "Laplaian" in
this ase). For tehnial reasons we make some assumption on the exponen-
tial maps (being totally geodesi). This ondition is realized for example in
the one-dimensional ase or for at metris. In the last setion we prove that
harmoni maps, with target smooth Riemannian manifolds in the sense of
[11℄, are exatly those whih map Brownian motions in Riemannian polyhe-
dra into martingales, Theorem 4.1, while harmoni morphisms are exatly
the maps whih are Brownian preserving paths, Theorem 4.2.
Aknowledgements. The authors would like to thank Professor A. Ver-
jovsky to enourage them to investigate these problems and the ICTP Trieste
for hospitality during this work. The rst named author was partially sup-
ported by the ANCS 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t 2-CEx06-11-12/25.07.2006.
2. Preliminaries.
In this setion we reall some basi notions and results whih will be used
throughout the paper.
2.1. Riemannian admissible omplexes. [2℄, [5℄, [6℄, [9℄, [11℄, [28℄.
Let C be a loally nite simpliial omplex, endowed with a pieewise
smooth Riemannian metri g, i.e. g is a family of smooth Riemannian metris
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gS on simplexes S of C, suh that the restrition (gS)|S′ = gS′ , for any
simplexes S′ and S with S′ ⊂ S.
The set of all formal linear ombinations α =
∑
v∈C α(v)v of verties of
C, suh that 0 6 α(v) 6 1,
∑
v∈C α(v) = 1 and {v;α(v) > 0} is a simplex
of C, is denoted by space|C|. This set is a subset of the linear spae linC
of all formal nite linear ombinations of verties of C. A vertex v of C
will be identied with the formal linear ombination 1v, thus formal linear
ombinations of verties beome true linear ombinations in linC.
Let C be a nite dimensional simpliial omplex whih is onneted loally
nite. A map f from [a, b] to C is alled a broken geodesi if there is a
subdivision a = t0 < t1 < · · · < tp+1 = b, suh that f([ti, ti+1]) is ontained
in some ell and the restrition of f to [ti, ti+1] is a geodesi inside that ell.
Then, dene the length of the broken geodesi map f to be:
L(f) =
p∑
i=0
d(f(ti), f(ti+1)).
The length inside eah ell is measured with respet to its metri.
For every two points x, y in C, dene d˜(x, y) to be the lower bound of the
lengths of broken geodesis from x to y. Note that d˜ is a pseudo-distane.
If C is onneted and loally nite, then (C, d˜) is a length spae and hene
a geodesi spae (i.e. a metri spae where every two points are onneted
by a urve with length equal to the distane between them ), if omplete.
We say that the omplex C is admissible, if it is dimensionally homoge-
neous, and for every onneted open subset U of C, the open set U \ {U ∩
{(n − 2) − skeleton }} is onneted, where n is the dimension of C (i.e. C
is (n− 1)-hainable).
We all an admissible onneted loally nite simpliial omplex, endowed
with a pieewise smooth Riemannian metri, an admissible Riemannian om-
plex.
In the sequel we shall denote a p-skeleton of a omplex C by C(p).
2.2. Riemannian polyhedra. [11℄.
We mean by polyhedron a onneted loally ompat separable Hausdor
spae K for whih there exists a simpliial omplex C and a homeomorphism
θ : C → K. Any suh pair (C, θ) is alled a triangulation of K. The omplex
C is neessarily ountable and loally nite (see [26℄ page 120) and the spae
K is path onneted and loally ontratible. The dimension of K is by
denition the dimension of C and it is independent of the triangulation.
If K is a polyhedron with speied triangulation (C, θ), we shall speak of
verties, simplexes, i-skeletons (the set of simplexes of dimensions lower or
equal to i), stars ofK as the image under θ of verties, simplexes, i-skeletons,
stars of C. Thus our simplexes beome ompat subsets of K.
If for a given triangulation (C, θ) of the polyhedron K, the homeomor-
phism θ is loally bi-lipshitz then K is said to be a Lip polyhedron and θ a
Lip homeomorphism.
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A null set in a Lip polyhedron K is a set Z ⊂ K suh that Z meets
every maximal simplex S, relative to a triangulation (C, θ) (hene any) in
a set whose pre-image under θ has n-dimensional Lebesgue measure 0, with
n = dim S. Note that 'almost everywhere' (a.e.) means everywhere exept
in some null set.
A Riemannian polyhedron K = (K, g) is dened as a Lip polyhedron K
with a speied triangulation (C, θ), suh that C is a simpliial omplex
endowed with a ovariant bounded measurable Riemannian metri tensor g,
satisfying the elliptiity ondition below. In fat, suppose that K has homo-
geneous dimension n and hoose a measurable Riemannian metri gS on the
open Eulidean n-simplex θ−1(
o
S ) of C. In terms of Eulidean oordinates
{x1, . . . , xn} of points x = θ
−1(p), gS assigns to almost every point p ∈
o
S (or
x), an n × n symmetri positive denite matrix gS = (g
S
ij(x))i,j=1,...,n, with
measurable real entries and there is a onstant ΛS > 0 suh that (elliptiity
ondition):
Λ−2S
n∑
i=0
(ξi)2 ≤
∑
i,j
gSij(x)ξ
iξj ≤ Λ2S
n∑
i=0
(ξi)2
for a.e. x ∈ θ−1(
o
S ) and every ξ = (ξ1, . . . , ξn) ∈ Rn. This ondition
amounts to the omponents of gS being bounded and it is independent not
only of the hoie of the Eulidean frame on θ−1(
o
S ) but also of the hosen
triangulation.
For simpliity of statements, we shall sometimes require that, relative
to a xed triangulation (C, θ) of the Riemannian polyhedron K (uniform
elliptiity ondition),
Λ := sup {ΛS : S is simplex of K} <∞.
A Riemannian polyhedron K is said to be admissible if for a xed triangu-
lation (C, θ) (hene any) the Riemannian simpliial omplex C is admissible.
We underline that, for simpliity, the given denition of a Riemannian
polyhedron (K, g) ontains already the fat (beause of the denition above
of the Riemannian admissible omplex) that the metri g is ontinuous rela-
tive to some (hene any) triangulation (i.e. for every maximal simplex S the
metri gS is ontinuous up to the boundary). This fat is sometimes omitted
in the literature. The polyhedron is said to be simplexwise smooth if relative
to some triangulation (C, θ) (and hene any), the omplex C is simplexwise
smooth. Both ontinuity and simplexwise smoothness are preserved under
subdivision.
2.3. Energy of maps. [17℄, [20℄, [11℄.
The onept of energy of maps from a Riemannian domain into an arbi-
trary metri spae Y was dened and investigated by Gromov, Korevaar and
Shoen [17℄, [20℄. Later on, this onept was extended by Eells and Fuglede
[11℄ to the ase of a map from an admissible Riemannian polyhedron K
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with simplexwise smooth Riemannian metri. The energy E(ϕ) of a map ϕ
from K to the spae Y is dened as the limit of suitable approximate energy
expressed in terms of the distane funtion dY of Y .
The maps ϕ : K → Y of nite energy are preisely those quasiontinuous
(i.e. have ontinuous restritions to losed sets), whose omplements have
arbitrarily small apaity, (see [11℄, page 153) whose restrition to eah top
dimensional simplex of K has nite energy in the sense of Korevaar-Shoen,
and E(ϕ) is the sum of the energies of these restritions.
Consider now an admissiblem-dimensional Riemannian polyhedron (K, g)
with simplexwise smooth Riemannian metri. It is not required that g is
ontinuous aross lower dimensional simplexes. The target (Y, dY ) is an
arbitrary metri spae.
Denote L2loc(K,Y ) the spae of all µg-measurable (µg the volume measure
of g) maps ϕ : K → Y having separable essential range and for whih the
map dY (ϕ(.), q) ∈ L
2
loc(K,µg) (i.e. loally µg-squared integrable) for some
point q (hene by triangle inequality for any point). For ϕ,ψ ∈ L2loc(K,Y )
dene their distane D(ϕ,ψ) by:
D2(ϕ,ψ) =
∫
K
d2Y (ϕ(x), ψ(y))dµg(x).
Two maps ϕ,ψ ∈ L2loc(K,Y ) are said to be equivalent if D(ϕ,ψ) = 0, (i.e.
ϕ(x) = ψ(x) µg-a.e.). If the spae K is ompat, then D(ϕ,ψ) < ∞ and
D is a metri on L2loc(K,Y ) = L
2(K,Y ) whih is omplete if the spae Y is
omplete [20℄.
The approximate energy density of the map ϕ ∈ L2loc(K,Y ) is dened for
ǫ > 0 by:
eǫ(ϕ)(x) =
∫
BK(x,ǫ)
d2Y (ϕ(x), ϕ(x
′))
ǫm+2
dµg(x
′).
The funtion eǫ(ϕ) ≥ 0 is loally µg-integrable.
The energy E(ϕ) of a map ϕ of lass L2loc(K,Y ) is:
E(ϕ) = sup
f∈Cc(K,[0,1])
lim sup
ǫ→0
∫
K
feǫ(ϕ)dµg
 ,
where Cc(K, [0, 1]) denotes the spae of ontinuous funtions from K to the
interval [0, 1] with ompat support.
A map ϕ : K → Y is said to be loally of nite energy, and we write ϕ ∈
W 1,2loc (K,Y ), if E(ϕ|U ) <∞ for every relatively ompat domain U ⊂ K, or,
equivalently, if K an be overed by domains U ⊂ K suh that E(ϕ|U ) <∞.
For example (Lemma 4.4, [11℄), every Lip ontinuous map ϕ : K → Y is
of lass W 1,2loc (K,Y ). In the ase when K is ompat, W
1,2
loc (K,Y ) is denoted
by W 1,2(K,Y ) the spae of all maps of nite energy.
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W 1,2c (K,Y ) denotes the linear subspae of W 1,2(K,Y ) onsisting of all
maps of nite energy of ompat support in K.
2.4. Harmoni maps and harmoni morphisms on Riemannian poly-
hedra. [11℄.
Let (K, g) be an arbitrary admissible Riemannian polyhedron (g is only
bounded, measurable, with loal ellipti bounds), dim K = m and (Y, dY ) a
metri spae .
A ontinuous map ϕ : K → Y of lass W 1,2loc (K,Y ) is said to be harmoni
if it is bi-loally E-minimizing, i.e. K an be overed by relatively ompat
subdomains U for eah of whih there is an open set V ⊃ ϕ(U) in Y suh
that
E(ϕ|U ) ≤ E(ψ|U )
for every ontinuous map ψ ∈ W 1,2loc (K,Y ), with ψ(U) ⊂ V and ψ = ϕ in
K\U .
Let (N,h) denote a smooth Riemannian manifold without boundary of
dimension n and Γkαβ the Christoel symbols on N . By a weakly harmoni
map ϕ : K → N we mean a quasiontinuous map (a map whih is ontinuous
on the omplement of open sets of arbitrarily small apaity; in the ase of
the Riemannian polyhedron K, it is just the omplement of open subsets of
the (m− 2)-skeleton of K) of lass W 1,2loc (K,N) with the following property:
For any hart η : V → Rn on N and any quasiopen set U ⊂ ϕ−1(V ) of
ompat losure in K, the equation∫
U
〈∇λ,∇ϕk〉dµg =
∫
U
λ(Γkαβ ◦ ϕ)〈∇ϕ
α,∇ϕβ〉dµg,
holds for every k = 1, . . . , n and every bounded funtion λ ∈W 1,20 (U).
When K and Y denote two Riemannian polyhedra (or any harmoni
spaes in the sense of Brelot; see Chapter 2, [11℄), a ontinuous map ϕ :
K → Y is a harmoni morphism if, for every open set V ⊂ Y and for every
harmoni funtion v on V , v ◦ ϕ is harmoni on ϕ−1(V ).
2.5. Brownian motions in Riemannian manifolds. [8℄, [12℄, [29℄.
Consider (Ω,A, P ) a probability spae, (E, ε) a measurable spae, and I
an ordered set. By a stohasti proess on (Ω,A, P ) with values on (E, ε)
and I as time interval, we mean a map (see [12℄, or [29℄, or [8℄):
X : I × Ω → E
(t, ω) 7→ X(t, ω),
suh that for eah t ∈ I, Xt : ω ∈ Ω 7→ X(t, ω) ∈ E is measurable from
(Ω,A) to (E, ε).
A family F = (Ft)t∈I of σ-subalgebras of A, suh that Fs ⊂ Ft, for all s,
t with s < t, is alled a ltration on (Ω,A, P ) with I time interval.
Given a ltration F = (Ft)t∈I , a proess X, admitting as time interval a
part J of I, is said to be adapted to F , if for every t ∈ J , Xt is Ft-measurable.
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A real-valued proess X is said to be a submartingale, with respet to a
ltration Ft xed on (Ω,A, P ), if it has the following properties : a) X is
adapted; b) eah random variable Xt is integrable; ) for eah pair of real
numbers s, t, s < t, and every A ∈ Fs we have:∫
A
XsdP ≤
∫
A
XtdP.
When the equality holds we say that X is a martingale.
A real-valued proess X is said to be a ontinuous loal martingale if and
only if it is a ontinuous ( with respet to the time variable ) adapted proess
X suh that eah Xt∧Tnχ{Tn>0} is a martingale, where χ is the harateristi
funtion and Tn is the stopping time: inf{t : |Xt| ≥ n}.
A semimartingale is the sum of a ontinuous loal martingale and a proess
with nite variation. If the proess of the nite variation is an inreasing
one, the semimartingale is alled a loal submartingale.
Let M be a manifold with a onnetion M∇, and X be an M -valued
proess. Following Shwartz haraterization [25℄, a
M∇-martingale tester,
(U1, U2, U3, f) will onsist of:
• open sets U1, U2, U3 in M with U1 ⊂ U2 ⊂ U2 ⊂ U3,
• a onvex funtion f : U3 → R.
The proess X = (Xt,Ft) is said to be a
M∇-martingale, if it is a ontinuous
semimartingale on M (i.e. ∀f ∈ C2(M), f ◦X is a real valued semimartin-
gale), and for all
M∇-martingale tester (U1, U2, U3, f), the proess
Y = (Yt,Ft), Yt =
t∫
0
χF (s)d(f ◦Xs),
is a loal submartingale. F denote the previsible set
∞⋃
i=1
(σi, τi] where σi, τi, i ≥
0 is the olletion of stopping-times, assoiated to the proess X and any
M∇-martingale tester, dened by:
• σ0 = 0, τ0 = 0
• σi = inf{t > τi−1 : Xt ∈ U1}; τi = inf{t > σi : Xt /∈ U2}, i ≥ 1.
χF denotes the harateristi funtion.
SupposeM is a Riemannian manifold with Levi-Civita onnetion M∇. A
Brownian motion is haraterized as a diusion B = (Bt,Ft) with generator
1
2∆; in other words, for all f : M → R, the proess C
f
, where Cft =
f(Bt)− f(B0)−
1
2
t∫
0
χF (s)∆f(Bs)ds, is a loal martingale.
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3. Brownian motions in admissible Riemannian polyhedra.
In [4℄, the seond author proved the existene of a Brownian motion on
a Riemannian polyhedron. In this setion, we nd expliitly its innitesi-
mal generator, Theorem 3.5. Furthermore, we give neessary and suient
onditions for harmoniity in terms of loal martingales, see Corollary 3.10.
We begin by realling some basi results used in the sequel.
3.1. Boundary normal oordinates, [19℄, [27℄ and the seond funda-
mental form. [1℄, [12℄, [24℄.
LetM be a Riemannian manifold with non-empty boundary ∂M . For any
point y ∈ M there is a shortest geodesi to the boundary that is normal to
∂M .
Similarly to the exponential mapping dened on TxM for x an interior
point of M , we an dene (see [19℄) the boundary exponential mapping:
exp∂M : ∂M × R+ → M , exp∂M (z, t) = γz,ν(t), where R+ = [0,∞) and
t suiently small suh that exp∂M (z, t) ∈M. Here, γz,ν denotes the normal
geodesi to ∂M whose derivative at zero equals ν, the unitary normal vetor
to ∂M at the point z.
Using the boundary exponential mapping, one introdued (see for example
[19℄ or [27℄) the boundary normal (or semi-geodesi) oordinates, analogously
to the Riemann normal oordinates. Compared to the lassial ase of empty
boundary, instead of a set of geodesis starting from a point one onsiders
the set of geodesis normal to ∂M.
Consider Uρ = ∂M × [0, ρ) a ollar neighbourhood of ∂M × {0} in the
boundary ylinder ∂M × R+. Denote by
Vρ = exp∂M (Uρ) = {x ∈M ; d(x, ∂M) < ρ}
a ollar neighbourhood of ∂M in M .
Then, for ρ suiently small, dene (Vρ, x1, . . . , xn) loal oordinates in
M ( the boundary normal oordinates) in the following way: for x ∈ Vρ,
xn := d(x, ∂M), z ∈ ∂M is the unique boundary point suh that d(x, z) =
d(x, ∂M) and (x1, . . . , xn−1) on ∂M are loal oordinates around z. ρ is
hosen small enough suh that γz,ν(t) is the unique shortest geodesi to ∂M
for t < ρ.
As in the ase of Riemannian manifolds without boundary, the Laplaian
is given in boundary normal oordinates (see [21℄) by:
∆ =
1√
|g|
∂
∂xi
(
gij
√
|g|
∂
∂xj
)
= gij
(
∂2
∂xi∂xj
− Γkij
∂
∂xk
)
,
where |g| = det(gkl) and Γ
k
ij are the Christoel symbols on M .
Let (M,g), (N,h) two Riemannian manifolds and ϕ : M → N a smooth
map. The Levi-Civita onnetion ∇M of M and the pull-bak onnetion
∇ϕ of the pull-bak bundle ϕ−1TN indue a onnetion ∇ on the bundle
T ∗M ⊗ ϕ−1TN . Applying this onnetion to dϕ one obtain the seond
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fundamental form of ϕ (also alled the Hessian of ϕ) (see [1℄ or [24℄), denoted
by Hess ϕ, or ∇dϕ, and expliitly given by:
(1) (Hess ϕ)(X,Y ) := ∇ϕX(dϕ(Y ))− dϕ(∇
M
X Y ), ∀X,Y ∈ Γ(TM).
When N = R and (M,g) is a manifold with or without boundary then (1)
reads:
(2) (Hess ϕ)(X,Y ) := X(Y (ϕ)) − dϕ(∇MX Y ), ∀X,Y ∈ Γ(TM).
Using the Hessian, the Laplaian an be also dened as:
∆f := Tr(Hess f).
A smooth map ϕ : M → N between two Riemannian manifolds is totally
geodesi (see [1℄, [12℄) if for every f : N → R
(HessM (f ◦ ϕ))(∗, ∗) = (HessNf)(dϕ(∗), dϕ(∗)),
where Hess
M
, Hess
N
denote the seond fundamental forms on M , N respe-
tively.
3.2. The tangent one and the exponential map. Let (K, g) be an n-
dimensional admissible Riemannian polyhedron and p a point in the ((n−1)-
skeleton)\ ((n − 2)-skeleton).
We shall slightly reformulate the denition of the tangent one previously
introdued in [2℄.
Suppose that p is in
o
Ŝn−1, the topologial interior of the (n− 1)-simplex
Sn−1. Let S
1
n, S
2
n, . . . , S
k
n, k ≥ 2, denote the n-simplexes adjaent to Sn−1.
Then eah Sln, for l = 1, . . . , k, an be viewed as an ane simplex in R
n
,
that is Sln =
⋂n
i=0Hi where Hi are losed half spaes in R
n. The Riemannian
metri gSln is the restrition to S
l
n of a smooth Riemannian metri dened
in an open neighbourhood of Sln in R
n
.
Sine p ∈ ((n − 1) − skeleton) \ ((n − 2) − skeleton), eah Sln for l =
1, . . . , k, an be viewed, loally around p, as a manifold with boundary,
where the boundary is Sn−1. Then there exists a unique hyperplane, for
i = 0, . . . , n, ontaining p. Dene TpS
l
n as the half-spae Hi whih ontains
the orresponding hyperplane.
Notie that TpS
l
n an be naturally embedded in linS
l
n ⊂ linK and
(3) TpS
l
n = TpSn−1 × [0,∞).
Dene the tangent one of K over p as: TpK =
⋃k
l=1 TpS
l
n ⊂ linK.
The dierene from the original denition (see [2℄) is that we do not need
to pass to subdivision of K in order to make the point p beome a vertex.
Let Up(S
l
n) be the subset of all unit vetors in TpS
l
n and denote Up =
Up(K) =
⋃
Sln∋p
Up(S
l
n). The set Up is alled the link of p in K. As S
l
n is
a simplex adjaent to p, then gSln(p) denes a Riemannian metri on the
9
(n − 1)-simplex Up(S
l
n). The family gp of Riemannian metris gSln(p) turns
Up(S
l
n) into a simpliial omplex with a pieewise smooth Riemannian metri
suh that the simplexes are spherial.
Having dened the tangent one, and using the boundary exponential
map, we an introdue next the exponential map loally around a point p in
the topologial interior of an (n− 1)-simplex Sn−1.
Take V0 a neighbourhood of 0 in TpK. The denition of the exponential
map Ep : TpK → K on eah maximal fae V0
⋂
TpS
l
n, l = 1, . . . , k is based on
the fat that, loally around p, eah Sln beomes a manifold with boundary,
with ∂(Sln) = Sn−1. This allows us to onsider the boundary exponential
map (see Setion 3.1):
exp∂Sln
: Vρ →Wρ,
where Up is a small neighbourhood of p, Vρ = (Up ∩ Sn−1)× [0, ρ) is a ollar
neighbourhood of (Up∩Sn−1)×0 in the boundary ylinder (Up∩Sn−1)×R+
and
Wρ = exp∂Sln(Vρ) := {x ∈ (Up ∩ S
l
n); d(x, (Up ∩ Sn−1)) < ρ}.
Moreover, on the manifold Sn−1 we onsider the usual exponential map
at p:
expp : TpSn−1 → Sn−1.
Using the deomposition TpS
l
n = TpSn−1× [0,∞), we dene the exponen-
tial map
Ep : V0 ∩ TpS
l
n → S
l
n
in the following way. Consider u a tangent vetor in V0 ∩ TpS
l
n. We an
deompose u = (v,w) where v ∈ TpSn−1 and w is a normal vetor to ∂S
l
n.
Then
Ep(u) = exp∂Sln(expp(v), ||w||).
3.3. Brownian motions. The Brownian motion in a pieewise smooth Rie-
mannian omplex, was obtained in [4℄, as a weak limit of isotropi proesses.
This onstrution holds obviously for the pieewise smooth Riemannian poly-
hedron K.
Let us reall some essential fats about this onstrution. In [4℄, the
seond author dened a proess: Y η = (Ω,F0t , Y
η
t , θt, P ), for η ∈ (0, 1], in
the following way:
Y ηt (ω) =
{
ΥηZi(ω)(
t
η2
− τi(ω)) if τi(ω) ≤
t
η2
≤ τi+1(ω)
D if ξ(ω) ≤ t
η2
,
where τi are the stopping times suh that, for all i ∈ N, the real random vari-
able (τi− τi+1) is exponentially distributed and τ0 = 0; Υη is the generalized
geodesi ow (see [2℄); D is the one point ompatiation of K (beause
K is semiompat) and ξ is the life time of Y ηt ; Z is a unit tangent vetor
randomly hosen in the link of the point ΥηZi−1(ω)(τi(ω)) with respet to
the volume measure (link is viewed as a spherial Riemannian polyhedron),
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where Z0(ω) is also a unit tangent vetor randomly hosen in the link of the
starting point.
In [4℄ it is also proved that Y ηt (for η ∈ (0, 1]) is a ontinuous Markov pro-
ess, for eah η ∈ (0, 1], Y η generates a measure µη on the spae C(R
+,K) :=
{f : R+ → K, f − continuous} and µη has a subsequene whih onverges
to a measure W on C(R+,K), alled Wiener measure. This Wiener measure
generate a Brownian motion in the Riemannian polyhedron, suh that the
transition funtions of the generated Brownian motion are just the proje-
tions of the Wiener measure on K (see for details [4℄).
Proposition 3.1. Let (Bt)t≥0 denote the Brownian motion in the n− di-
mensional admissible Riemannian polyhedron K, see [4℄. Then (Bt)t≥0 al-
most surely never hits the (n − 2)−skeleton and for every point p of the
((n− 1)− skeleton) \ ((n− 2)− skeleton), all the maximal simplexes adja-
ent to p have the same probability to be hosen by Bpt i.e. (Bt)t≥0 has equal
branh probabilities.
Proof: The s−skeleton of K is usually denoted by K(s), [11℄.
For any p ∈ K(n−1) \K(n−2), denote by U ⊂ K \K(n−2) an open neigh-
bourhood of p and by τU := inf{t > 0/B
p
t /∈ U} the st exit time of B
p
t
from U .
For any maximal simplex S of K adjaent to p and for t lose to 0,
P (Bpt∧τU ∈ U ∩ S) = limη→0
P (pY ηt ∈ U ∩ S).
Denote by τ1 the rst stopping-time assoiated to the proess Y
η
t . Suppose
that P{τU ≤ τ1} = 1. For any η > 0,
P (pY ηt ∈ U ∩ S) = E[χU∩S(
pY ηt )] =
=
∞∫
0
e
−
“
s+ t
η2
” ∫
Up(U∩S)
χU∩S
(
pΥηξ
(
s+
t
η2
))
dλ(ξ) ds.
So, for all η > 0, P (pY ηt ∈ U ∩ S) depends only on the link Up(U ∩ S)
whih is independent of the hoie of the maximal simplex adjaent to p. We
onlude that Btp has equal branh probabilities.
Let us ompute P (Bt ∈ K
(n−2)) :
P (Bt ∈ K
(n−2)) = lim
η→0
P (Y ηt ∈ K
(n−2)).
For any η > 0,
P (Y ηt ∈ K
(n−2)) = E[χK(n−2)(Y
η
t )].
Sine the proess Y ηt is Markov, to ompute the above average, we an
suppose that 0 < t < τ1 whih does not hange the result. Then
E[χK(n−2)(Y
η
t )]
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is equal to
∞∫
0
e
−
“
s+ t
η2
” ∫
Up(K(K(n−2)))
χK(n−2)
(
pΥηξ
(
s+
t
η2
))
dλ(ξ) ds,
where Up(K(K
(n−2))) denotes all the vetors in the link Up(K) pointing into
the K(n−2).
Sine λ(Up(K(K
(n−2)))) = 0, we have∫
Up(K(K(n−2)))
χK(n−2)
(
pΥηξ
(
s+
t
η2
))
dλ(ξ) = 0.
Therefore, we have proved that for any η > 0, P (Y ηt ∈ K
(n−2)) = 0 and
onsequently P (Bt ∈ K
(n−2)) = 0.
Proposition 3.2. The Brownian motion (Bt)t≥0 on admissible Riemannian
polyhedra has an innitesimal generator L dened on a Banah subspae DL
i.e. for every f ∈ DL,
Lf := lim
t→0
E[f(Bt)]− f(B0)
t
uniformly.
Proof: Remark that the Brownian motion (Bt)t≥0 is trajetories ontinu-
ous [4℄ so it is stohastially ontinuous. Then by Dynkin's result (see [10℄
Theorem 2.3), the existene of L is ompletely insured. 
Let (K, g) be a n-dimensional admissible Riemannian polyhedron, en-
dowed with a ontinuous simplexwise smooth metri.
Denition 3.3. Consider U ⊂ K a domain whih meets exatly one (n−1)-
simplex Sn−1. Let S
1
n, . . . , S
k
n denote the n-simplexes adjaent to Sn−1 and
f a ontinuous funtion on U whih is of lass C2 in eah
o
Ŝjn ∩U and at least
of lass C1 in eah (
o
Ŝjn ∪
o
Ŝn−1) ∩ U . The funtion f is said to be of zero
normal trae ondition if and only if:
k∑
j=1
Djf(x) = 0
at almost every point x of Sn−1∩U , where Djf(x) denotes the inner normal
derivative of f
|Sjn∩U
at x.
Remark 3.4. The spae DL ontains the spae
W 1,2loc (K)
⋂{
funtion of lass C2 in the interior of the n-simplexes
and the (n− 1)-simplexes and of zero normal trae ondition
}
whih is denoted by DL.
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Let B = (Ω,F0t , Bt, θt, P ) be the K-valued Brownian motion introdued
above (see [4℄).
Theorem 3.5. Suppose that the exponential map (Setion 3.2) is totally
geodesi in eah point in the topologial interior of any (n− 1)-simplex. Let
ϕ ∈ W 1,2loc (K), i.e. there exists a overing U of K with relatively ompat
subdomains, suh that ϕ is of nite energy on eah U ∈ U . Assume that
ϕ is of lass C2 on the interior of eah n-simplex and on the interior of
eah (n − 1)-simplex, and of zero normal trae ondition. Denote by τU :=
inf{t > 0/Bt /∈ U} the rst exit time of Bt from U . Then we have:
(4)
1
2
∆˜ϕ =
∂
∂t
E[ϕ(Bt∧τU )], on U\((n − 2)− skeleton).
where E[ϕ(Bt∧τU )] is the expetation with respet to Bt∧τU and
∆˜ =

1
k
k∑
l=1
∆l, at a point in (n− 1)-skeleton \(n− 2)-skeleton,
∆l is the Laplaian in S
l
n at a boundary point;
the usual Laplaian, in the interior of eah simplex.
Proof: Let p ∈ K. There are two ases to investigate:
Case 1: If p is in the topologial interior of some n-dimensional simplex,
using [12℄ or [14℄, the relation (4) learly holds.
Case 2: Let p be in the ((n − 1)− skeleton)\((n − 2)− skeleton).
The idea in this ase is to transfer, loally, the omputations from the
polyhedron K to its tangent one over p, TpK.
Suppose that p is in
o
Ŝn−1 the topologial interior of the (n − 1)-simplex
Sn−1. Let S
1
n, S
2
n, . . . , S
k
n, k ≥ 2, denote the n-simplexes adjaent to Sn−1.
Take V0 a neighbourhood of 0 in TpK, and onsider the exponential map
Ep : V0 ∩ TpS
l
n → S
l
n,
dened in Setion 3.2.
We shrink V0 and Up, if neessary, suh that Ep(V0) = Up. Denote by
Φp : Up → V0 the inverse map of Ep. By hypothesis, the maps Ep and Φp,
are loally totally geodesi dieomorphisms onto their images.
Let (Bt) denotes the Brownian motion in the polyhedron (K, g) (see [4℄)
and by Xt = Φp(Bt). We remark that (Xt∧τUp ) is a Brownian motion in the
at polyhedron V0
⋂
TpK with equal branh probabilities (sine Φp is totally
geodesi map and Bt has equal branh probabilities), where τUp is the rst
exit time of Bt from Up.
Using the fat that V0∩TpS
l
n is also a manifold with boundary, we onsider
the boundary normal oordinates (x1, . . . , xn−1, xn) in the neighbourhood
V0 ∩ TpSn−1 of 0, as follows. Pik up oordinates (x1, . . . , xn−1) on V0 ∩
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TpSn−1 and for a point x in the ollar neighbourhood of V0 ∩ TpSn−1 in
V0 ∩ TpS
l
n dene xn := d(x, V0 ∩ TpSn−1). Remark that this latest hoie of
the oordinates hart in the tangent one over the point p is possible beause
the metri g in the polyhedron is ontinuous.
Using the boundary normal oordinates (x1, . . . , xn−1, xnl) in any (V0 ∩
TpS
l
n), l = 1, . . . , k, the innitesimal generator ∆
e
of the Brownian motion
Xt on the at polyhedron V0 ∩ TpK has the following properties (see [7℄):
1) ∆e is dened on the spae of:
• ontinuous funtions on the at polyhedron V0 whih are of lass
C2 in the interior of both n-simplexes and (n − 1)-simplexes, have
ontinuous seond derivatives in the interior of Sn−1 whih are limits
of orresponding diretional derivatives from the interior of adjaent
faes;
• funtions with zero normal trae ondition for any point in the ((n−
1)-skeleton)\ ((n− 2)-skeleton), i.e.
k∑
l=1
∂f
∂xnl
= 0;
2) 2∆e is the usual Laplaian in the interior of eah simplex;
3) For q ∈
o
̂(V0 ∩ TpSn−1), we have
∆ef(q) = 12
(
n−1∑
i=1
∂2f
∂xi2
+ 1k
k∑
l=1
∂2f
∂xnl
2
)
= 12
[
1
k
(
n−1∑
i=1
∂2f
∂xi2
+ ∂
2f
∂xn1
2
)
+ · · ·+ 1k
(
n−1∑
i=1
∂2f
∂xi2
+ ∂
2f
∂xnk
2
)]
= 12k∆
e
1f(q) + · · ·+
1
2k∆
e
kf(q)
= 12k
k∑
l=1
∆el f(q),
where
∆el f(q) =
n−1∑
i=1
∂2f
∂xi2
+
∂2f
∂xnl
2
is the usual Laplaian on the manifold V0 ∩ TpS
l
n at a boundary point.
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Now, for a point v1 ∈
o
̂(V0
⋂
TpSln), the seond order Taylor's development
of a funtion f (as above) in the boundary normal oordinates has the form:
(5)
f(v1) = f(0) + ∂nlf(0)xnl(v1) +
1
2∂
2
nl
f(0)x2nl(v1)
+ 12
n−1∑
j=1
∂nl∂jf(0)xnl(v1)xj(v1) +
1
2
n−1∑
i=1
∂i∂nlf(0)xi(v1)xnl(v1)
+
n−1∑
i=1
∂if(0)xi(v1) +
n−1∑
i,j=1
∂i∂jf(0)xi(v1)xj(v1) + o(ε),
with the notation:
∂nl =
∂
∂xnl
, ∂i =
∂
∂xi
, ∂2nl =
∂2
∂xnl
2
.
Using the symmetry of the onnetion, (5) redues to:
(6)
f(v1) = f(0) + ∂nlf(0)xnl(v1) +
1
2∂
2
nl
f(0)x2nl(v1)
+
n−1∑
j=1
∂j∂nlf(0)xnl(v1)xj(v1)
+
n−1∑
i=1
∂if(0)xi(v1) +
n−1∑
i,j=1
∂i∂jf(0)xi(v1)xj(v1) + o(ε).
Equation (6) evaluated at Xt∧τU supposed in
o
̂(V0
⋂
TpSln) beomes:
(7)
f(Xt∧τU ) = f(0) + ∂nlf(0)xnl(Xt∧τU ) +
1
2∂
2
nl
f(0)x2nl(Xt∧τU )
+
n−1∑
j=1
∂j∂nlf(0)xnl(Xt∧τU )xj(Xt∧τU )
+
n−1∑
i=1
∂if(0)xi(Xt∧τU ) +
n−1∑
i,j=1
∂i∂jf(0)xi(Xt∧τU )xj(Xt∧τU ) + o(t).
The proess Xt∧τU an be deomposed into a produt (X
n−1
t∧τU
,Xnt∧τU ) of
two independent proesses suh that Xn−1t∧τU is (n−1)−dimensional Eulidean
Brownian motion in the submanifold V0 ∩ TpSn−1 and X
n
t∧τU is a Brownian
motion on a graph Γ with k edges e1, . . . , ek of length ε attahed to the
point 0 with equal branh probabilities at 0 i.e. Xnt∧τU is one dimensional
Brownian motion on eah edge of Γ with equal branhing probabilities, see
[3℄.
Then by taking the averages and using [3℄, (7) turns into:
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(8)
E0[f(Xt∧τU )] = f(0) +
k∑
l=1
∂nlf(0)E
0[d(o,Xnt∧τU )/{X
n
t∧τU ∈ el}]
+
k∑
l=1
1
2∂
2
nl
f(0)E0[d(o,Xnt∧τU )
2/{Xnt∧τU ∈ el}]
+
k∑
l=1
n−1∑
i=1
∂i∂nlf(0)E
0[xi(X
n−1
t∧τU
)]E0[d(o,Xnt∧τU )/{X
n
t∧τU ∈ el}])
+
n−1∑
i=1
∂if(0)E
0[xi(X
n−1
t∧τU
)]
+ 12
n−1∑
i,j=1
∂i∂jf(0)E
0[xi(X
n−1
t∧τU
)xj(X
n−1
t∧τU
)] + o(t).
Sine the proess Xnt is one dimensional Brownian motion on eah edge
of Γ with equal branh probabilities (see [7℄ or [3℄) then :
E0[d(o,Xnt∧τU )/{X
n
t∧τU
∈ el}] =
1
k
√
2t
π
and
E0[d(o,Xnt∧τU )
2/{Xnt∧τU ∈ el}] =
t
k
for every l.
So for a funtion f with zero normal trae ondition, we have:
k∑
l=1
∂nlf(0)E
0[d(o,Xnt∧τU )/{X
n
t∧τU
∈ el}] =
1
k
√
2t
π
k∑
l=1
∂nlf(p) = 0,
On the other hand, for the (n− 1)-Eulidean Brownian motion Xn−1t , we
have:
E0[xi(X
n−1
t∧τU
)] = 0
and
E0[xi(X
n−1
t∧τU
)xj(X
n−1
t∧τU
)] = δijt,
where δij = 1 if i = j δij = 0 if i 6= j.
Then equality (8) redues to:
(9)
E0[f(Xt∧τU )] = f(0) +
t
2k
k∑
l=1
∂2nlf(0) +
t
2
n−1∑
i,j=1
δij∂i∂jf(0) + o(t).
Whih an be written as:
(10)
E0[f(Xt∧τU )] = f(0) +
t
2k
k∑
l=1
∆el f(0) + o(t)
= f(0) + t∆ef(0) + o(t)
We infer from (10) that:
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(11)
f(Xt∧τU ) = f(0) +
1
k
k∑
l=1
1
2
t∧τU∫
0
∆el f(Xs)χ{Xs∈TpSln}ds
+ some loal martingale,
for a funtion f dened on V0 with zero normal trae ondition.
Observe that the zero normal trae ondition is preserved by exponential
map.
Now, for a funtion ϕ of lass W 1,2loc , whih is of lass C
2
in both the
topologial interior of the n-dimensional faes and the (n − 1)-dimensional
faes of the polyhedron K, the equation (11) reads for the funtion ϕ ◦ Ep:
(12)
ϕ ◦Ep(Xt∧τU ) = ϕ ◦ Ep(0) +
1
k
k∑
l=1
1
2
t∧τU∫
0
∆el (ϕ ◦ Ep)(Xs)χ{Xs∈TpSln}ds
+ some loal martingale
The proess Xt is an Eulidean Brownian motion in eah maximal fae,
so we an write (see [12℄, Proposition 5.18):
(13)
ϕ ◦Ep(Xt∧τU ) = ϕ ◦ Ep(0) +
1
k
k∑
l=1
1
2
t∧τU∫
0
Hess
e
l (ϕ ◦ Ep)(dX, dX)χ{Xs∈TpSln}
+ some loal martingale,
where Hess
e
l (ϕ ◦Ep) denotes the Eulidean Hessian of the funtion (ϕ ◦Ep)
on the fae TpS
l
n.
Sine the map Ep is totally geodesi on eah maximal fae and on the
(n − 1)-dimensional fae of V0 ∩ TpK, using (4.21) and (4.32) from [12℄, we
obtain:
(14)
ϕ(Bt∧τU ) = ϕ ◦ Ep(Xt∧τU )
= ϕ(p) + 1k
k∑
l=1
1
2
t∧τU∫
0
(T ∗Ep ⊗ T
∗Ep)Hesslϕ(dX, dX)χ{Xs∈TpSln}
+ some loal martingale
= ϕ(p) + 1k
k∑
l=1
1
2
t∧τU∫
0
Hesslϕ(d(Ep ◦X), d(Ep ◦X))χ{Xs∈TpSln}
+ some loal martingale,
where Hesslϕ denotes the Hessian of the funtion ϕ in the boundary normal
oordinates dened by Ep : V0
⋂
TpS
l
n ⊂ R
n → Up
⋂
Sln ⊂ K in S
l
n viewed
as a manifold with boundary (see Setion 3.2).
Relation (14) is equivalent to (see [12℄ (3.13)):
(15)
ϕ(Bt∧τU ) = ϕ(p) +
1
k
k∑
l=1
1
2
t∧τU∫
0
Hesslϕ(dB, dB)χ{Bs∈U
T
Sln}
+ some loal martingale
By [12℄, Proposition (5.18), we have:
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(16)
ϕ(Bt∧τU ) = ϕ(p) +
1
k
k∑
l=1
1
2
t∧τU∫
0
∆lϕ(Bs)χ{Bs∈U
T
Sln}
ds
+ some loal martingale,
where ∆l denotes the Laplae-Beltrami operator omputed by using bound-
ary normal oordinates in a neighbourhood of p on the manifold with bound-
ary Up
⋂
Sln.
This onludes the proof. 
Remark 3.6. The extra-ondition appearing in the hypothesis, that the
exponential map is totally geodesi, even though restritive, is realized in a
ertain number of ases. For instane, it holds if K is one-dimensional (tree).
Hene we obtain a new proof of the main results in [7℄. Another obvious ase
is that of at metris.
Remark 3.7. As we have seen, Remark 3.4 gives us the spae of funtions
on whih is dened the innitesimal generator of the Brownian motion on the
polyhedron. Moreover from Theorem 3.5, we onlude that the innitesimal
generator is exatly the Laplae-Beltrami operator on the interior of eah
simplex and for a point in the (n− 1)-skeleton \ (n− 2)-skeleton it is equal
to ∆˜ = 1k
k∑
l=1
∆l where ∆l is the usual Laplaian in S
l
n dened at a boundary
point.
Lemma 3.8. L is uniquely determined on the spae DL.
Proof: All the funtions onsidered are supposed to be at least of lass C2
in the interior of eah n-simplex and eah (n − 1)-simplex.
Consider f ∈W 1,2loc (K). For every ψ ∈W
1,2
c (K), by Theorem 3.5, we have
1
2
∫
K\((n−2)−skeleton)
ψ∆˜fdµg =
∫
K\((n−2)−skeleton)
ψLfdµg.
Consider now an operator L˜ whih is weakly dened on the spaeW 1,2loc (K)
by: ∫
K
ψL˜fdµg := −
1
2
∫
K
〈∇ψ,∇f〉dµg,
for every ψ ∈W 1,2c (K).
Indeed, L˜ is well dened sine W 1,2c (K) is a Dirihlet spae (see [11℄ page
20, 21 and Proposition 5.1) in the Sobolev (1, 2)-norm: ||u||2 =
∫
K
(u2+|∇u|2),
for u : K → R.
It is lear that: ∫
K\((n−2)−skeleton)
ψLfdµg =
∫
K\((n−2)−skeleton)
ψL˜fdµg.
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On the other hand, the Brownian motion almost surely never hits the
(n − 2)-skeleton, so L˜ is also an innitesimal generator assoiate to the
transition probability Wt of the Brownian motion.
The transition funtion Wt assoiate to the K-valued Brownian motion
is stohastially ontinuous, so its innitesimal generator is uniquely deter-
mined (see [10℄ Lemma 2.2, Theorem 2.3). We infer that L˜ is equal to L on
the spae DL, whih onludes the proof. 
Theorem 3.9. Let (K, g) be an admissible Riemannian polyhedron endowed
with a simplexwise smooth Riemannian metri and f ∈ DL. As in Theorem
3.5, suppose that the exponential map is totally geodesi in eah point in
the topologial interior of an (n − 1)-simplex. Let (Bt)t≥0 be a K-valued
Brownian motion and let U be an open set of K taken as in the hypothesis
of Theorem 3.5. Then, for any p ∈ U ∩K\((n− 2)− skeleton) the proess
C
f(p)
t∧τU
= f(Bpt∧τU )− f(p)−
t∧τU∫
0
L(f(Bps ))ds
is a loal martingale, where τU := inf{t > 0/Bt /∈ U} is the rst exit time
of Bt from U .
Proof: By onstrution, the Brownian motion (Bt)t≥0 almost surely never
hits the (n− 2)-skeleton.
For any p ∈ U\((n − 2)− skeleton), onsider the proess:
C˜
f(p)
t∧τU
= χ{Bpt /∈((n−2)−skeleton)}f(B
p
t∧τU
)− f(p)
−
t∧τU∫
0
χ{Bps /∈((n−2)−skeleton)}L(f(B
p
s ))ds,
where χ denote the harateristi funtion.
By Theorem 3.5, ∀p ∈ U\((n − 2)− skeleton),
χ{Bps /∈((n−2)−skeleton)}L(f(B
p
s )) = χ{Bps /∈((n−2)−skeleton)}
1
2
∆˜f(Bps ).
Taking the expetation, we obtain:
E[C˜
f(p)
t∧τU
] = E[f(Bpt∧τU )]−E[f(p)]−
1
2
E[
t∧τU∫
0
χ{Bps /∈((n−2)−skeleton)}∆˜f(B
p
s )ds].
Moreover,
∂
∂t
E[C˜
f(p)
t ] =
∂
∂t
E[f(Bpt )]−
1
2
∆˜f(p).
Then, using Theorem 3.5, we obtain
∂
∂tE[C˜
f(p)
t ] = 0,∀p ∈ U\((n − 2) −
skeleton).
Hene, C˜
f(p)
t is a loal martingale. Sine C˜t is equal, almost surely, to the
proess Ct we onlude that Ct is also a loal martingale. 
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Corollary 3.10. Let (K, g) be an admissible Riemannian polyhedron en-
dowed with a simplexwise smooth Riemannian metri, f ∈ DL and let U be
an open set of K onsidered as in the hypothesis of Theorem 3.5. Denote
by τU := inf{t > 0/Bt /∈ U} the rst exit time of Bt from U . Then f is
harmoni if and only if, for any p ∈ U \ ((n− 2)− skeleton), f(Bpt∧τU ) is a
loal martingale ((Bpt )t is a K-valued Brownian motion).
Proof: By Theorem 3.9, the proesses:
C
f(p)
t∧τU
= f(Bpt∧τU )− f(p)−
t∧τU∫
0
L(f(Bps ))ds
and
C˜
f(p)
t∧τU
= χ{Bpt /∈((n−2)−skeleton)}f(B
p
t∧τU
)− f(p)
−
t∧τU∫
0
χ{Bps /∈((n−2)−skeleton)}L(f(B
p
s ))ds
are both loal martingales, for every p ∈ U \ ((n − 2) − skeleton), where U
is taken as in the hypothesis of the theorem.
Suppose that f is harmoni, then:
χ{Bpt /∈((n−2)−skeleton)}f(B
p
t∧τU
) = C˜
f(p)
t∧τU
+ f(p),
for every p ∈ U \ ((n− 2)− skeleton).
So the proess χ{Bpt /∈((n−2)−skeleton)}f(B
p
t∧τU
) is a loal martingale, for
every p ∈ U \ ((n − 2) − skeleton). But this last proess is almost surely
equal to f(Bpt∧τU ), so the proess f(B
p
t∧τU
) is also a loale martingale.
Conversely, suppose that for every p ∈ U \((n−2)−skeleton), f(Bpt∧τU ) is
a loal martingale. Then, by lassial theory, this implies that f is harmoni
on eah U \ ((n− 2)− skeleton), so is an E-minimizer on eah U \ ((n− 2)−
skeleton). Then we have for every ψ ∈W 1,2loc (K), with ψ = f on K \ U ,∫
U
e(f) =
∫
U\((n−2)−skeleton)
e(f) ≤
∫
U\((n−2)−skeleton)
e(ψ) =
∫
U
e(ψ).
We infer that f is a ontinuous loally E-minimizer map on K, whih
means that f is harmoni on U . 
4. Brownian motions, Harmoni maps and morphisms.
In this setion, we extend lassial results due to Darling [8℄ relating Brow-
nian motions and harmoni maps and morphisms to the ase of maps dened
on a Riemannian polyhedron. We prove that harmoni maps are hara-
terized by mapping Brownian motions into martingales, Theorem 4.1, and
harmoni morphisms are exatly the maps whih are Brownian preserving
paths, Theorem 4.2.
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Theorem 4.1. Let (K, g) be an admissible Riemannian polyhedron as in
Theorem 3.5 and (N,h) a smooth Riemannian manifold. Let ϕ : K → N be
a ontinuous map suh that ϕ ∈ W 1,2loc (K,N), i.e. there exists a overing U
of K with relatively ompat subdomains, suh that ϕ is of nite energy on
eah U ∈ U . Assume that, ϕ is of lass C2 on the interior of eah n-simplex
and on the interior of eah (n− 1)-simplex. Suppose that for every funtion
ψ : N → R of lass C2, the funtion ψ ◦ ϕ is of zero normal trae ondition.
Then ϕ is harmoni if and only if for almost all p ∈ U (with respet to the
volume measure), ϕ(Bpt∧τU ) is a
N∇-martingale, where (Bpt )t≥0 is a K-valued
Brownian motion and τU is the rst exit time of Bt from U .
Proof: Let (UN , VN ,WN , f) be a
N∇-martingale tester on N , suh that
ϕ−1(WN ) ⊂ U.
Suppose that ϕ is a harmoni map.
By Theorem 3.9, for all p ∈ U \ ((n− 2)− skeleton), the proesses:
C
f◦ϕ(p)
t∧τU
:= f ◦ ϕ(Bpt∧τU )− f ◦ ϕ(B
p
0)−
t∧τU∫
0
χF (s)L(f ◦ ϕ)(B
p
s )ds
and
C˜
f◦ϕ(p)
t∧τU
:= χ{Bpt /∈((n−2)−skeleton)}f ◦ ϕ(B
p
t∧τU
)− f ◦ ϕ(Bp0)−
t∧τU∫
0
χ{Bps /∈((n−2)−skeleton)}χF (s)L(f ◦ ϕ)(B
p
s )ds
are loal martingales, where F =
∞⋃
i=1
](σi, τi], with
σi = inf{t > τi−1; ϕ(B
p
t ) ∈ UN}
τi = inf{t > σi; ϕ(B
p
t ) 6∈ V N}
σ0 = 0
τ0 = 0.
The map ϕ is supposed to be harmoni and f is a onvex funtion, hene
by Eells-Fuglede's result ([11℄, Theorem 12.1), f◦ϕ is a subharmoni funtion
on ϕ−1(WN ). But in our ase the subharmoniity an be translated by:
∆˜(f ◦ ϕ)(p) ≥ 0,∀p ∈ U\((n − 2)− skeleton)
The proess χ{Bpt /∈((n−2)−skeleton)}(f ◦ϕ)(B
p
t∧τU
) is then the sum of a loal
martingale and an inreasing proess, so it is a loal submartingale ∀p ∈
U\((n − 2)− skeleton).
Sine the proess χ{Bpt /∈((n−2)−skeleton)}(f◦ϕ)(B
p
t∧τU
) is equal almost surely
to (f ◦ ϕ)(Bpt∧τU ), this last proess is also a loal submartingale for every
p ∈ U\((n − 2)− skeleton).
Conversely, suppose that for any p ∈ U \ ((n− 2)− skeleton), (U is as in
the hypothesis of the theorem ), ϕ(Bpt∧τU ) is a
N∇-martingale.
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Therefore, for any
N∇-tester funtion f : WN → R, (f ◦ ϕ)(B
p
t∧τU
) is a
loal submartingale.
By Theorem (3.9), the proess:
H
f◦ϕ(p)
t∧τU
:= f ◦ ϕ(Bpt∧τU )− f ◦ ϕ(B
p
0)−
t∧τU∫
0
χF (s)L(f ◦ ϕ)(B
p
s )ds,
is a loal martingale, for any p ∈ U\((n−2)−skeleton), where F =
∞⋃
i=1
(σi, τi],
with
σi = inf{t > τi−1;ϕ(B
p
t ) ∈ UN}
τi = inf{t > σi;ϕ(B
p
t ) 6∈ V N}
σ0 = 0
τ0 = 0.
Sine for any p ∈ U \ ((n− 2)− skeleton) we have
∂
∂t
E[(f ◦ ϕ)(Bpt∧τU )] =
1
2
∆˜(f ◦ ϕ)(p).
and (f ◦ ϕ)(Bpt∧τU ) is a loal submartingale, then ∆˜(f ◦ ϕ)(p) ≥ 0, for any
p ∈ U \ ((n − 2)− skeleton).
Hene, by Eells-Fuglede (see [11℄, Theorem 12.1), we obtain that ϕ is a
harmoni map on U \ ((n− 2)− skeleton).
Using the same arguments as in the proof of Corollary 3.10, for harmoni
funtions, we onlude that ϕ is harmoni on eah U . 
Theorem 4.2. Notation as in Theorem 4.1. Then ϕ is a harmoni mor-
phism if and only if ϕ maps K-valued Brownian motions (Bpt∧τU )t≥0, for any
p ∈ U∩K\((n−2)−skeleton), to a Brownian motion on N , i.e. if (NBpt )t≥0
denote the Brownian motion on the manifold N then there exist a ontinuous
inreasing proess (At∧τU )t≥0 suh that:
NBpt ◦At∧τU = ϕ◦B
p
t∧τU
. τU denote
the rst exit time of Bt from U .
Remark 4.3. We shall suppose the dim K ≥ dim N . Otherwise, ϕ is
onstant. Indeed, if dim K < dim N , by smooth theory (see [1℄, p.46), ϕ is
onstant on eah interior of maximal simplex (of a hosen ne triangulation
of K). On the other hand, ϕ is ontinuous and K is (n− 1)-hainable, so ϕ
is onstant on K.
Proof of Theorem 4.2: For the proof of the Theorem 4.2, we will adapt
and omplete the proof given by Darling (see [8℄) in the smooth ase.
” ⇒ ” Suppose ϕ : K → N is a harmoni morphism. Then by Eells-
Fuglede's result ([11℄, Theorem 13.2), there exists a funtion λ ∈ L1loc(K)
alled the dilation, suh that:
(17) −
∫
K
〈∇ψ,∇(v ◦ ϕ)〉 =
∫
K
ψλ[(∆Nv) ◦ ϕ],
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for every v ∈ C2(N) and ψ ∈ Lipc(K).
Let Bp = (Bpt )t≥0 a K-valued Brownian motion, for any p ∈ K \((n−2)−
skeleton). Take U as in the hypothesis of the theorem and suppose p ∈ U .
Dene a ontinuous inreasing proess (At∧τU )t≥0 by:
(18) At∧τU :=
t∧τU∫
0
λ(Bs)ds,
and it's inverse as: Ct∧τU = inf{s;As∧τU > s}.
Denote ϕ ◦Bp by Xϕ(p) = (X
ϕ(p)
t )t≥0 on N . For any funtion f : N → R
of lass C2 and any p ∈ U ∩K \ ((n − 2)− skeleton) we have:
t∧τU∫
0
∆Nf(X
ϕ(p) ◦ Cs)ds =
Ct∧τU∫
0
∆Nf(X
ϕ(p)
u )dAu,
where ∆N denote the Laplae-Beltrami operator on the manifold N .
From (18) we obtain
(19)
t∧τU∫
0
∆Nf(X
ϕ(p) ◦ Cs)ds =
Ct∧τU∫
0
λ(Bpu)∆Nf(X
ϕ(p)
u )du.
Using (17), the right hand side of the equality (19) is equal to
2
Ct∧τU∫
0
L(f ◦ ϕ)(Bpu)du, µg a.e. ,
for every p ∈ U ∩K \ ((n− 2)− skeleton).
On the other hand, by Theorem 3.9, the proess
H˜
f◦ϕ(p)
t∧τU
:= χ{Bpt /∈((n−2)−skeleton)}(f ◦ ϕ)(B
p
t∧τU
)− (f ◦ ϕ)(p)−
t∧τU∫
0
χ{Bps /∈((n−2)−skeleton)}L(f ◦ ϕ)(B
p
s )ds
is a ontinuous loal martingale for any p ∈ U ∩K \ ((n − 2)− skeleton).
Consider now the proess
H˜f◦ϕ(p) ◦ Ct∧τU
denote
= R˜
f◦ϕ(p)
t∧τU
.
R˜
f◦ϕ(p)
t∧τU
is obviously a ontinuous loal martingale and it is also almost surely
equal (using (17) and (19)) to the proess
R
f◦ϕ(p)
t∧τU
:= f(Xϕ(p) ◦ Ct∧τU )− f(ϕ(p))−
1
2
t∧τU∫
0
∆Nf(X
ϕ(p) ◦ Cs)ds.
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So R
f◦ϕ(p)
t∧τU
is also a ontinuous loal martingale for any p ∈ U ∩K \ ((n−
2)− skeleton), whih means, by denition, that Xϕ(p) ◦Cs∧τU is a Brownian
motion on N .
“ ⇐ “ Conversely, suppose that for any p ∈ K \ ((n − 2) − skeleton),
(ϕ(Bpt ))t≥0 is a Brownian motion on N up to a hange of time.
Let V be an open set of N suh that ϕ−1(V ) ⊂ U , where U is taken as in
the hypothesis of the theorem. Let f : V → R be a loal harmoni funtion
on N .
Fix p0 ∈ U \ ((n − 2) − skeleton) with ϕ(p0) ∈ V and τ denote the rst
exit time of (Bp0t )t≥0 from ϕ
−1(V ).
By hypothesis, the proess
(f(ϕ(Bp0t∧τ )))t≥0 = (f ◦ ϕ(B
p0
t∧τ ))t≥0
is equal to f(NBϕ(p) ◦At∧τ ).
The latter proess is a ontinuous loal martingale (beause, by deni-
tion the proess (f(NB
ϕ(p)
t∧τ ))t≥0 is a ontinuous loal martingale and the
martingale property is stable under hange of time).
So we have shown that for every p0 ∈ U \ ((n − 2) − skeleton) and for
every (loal) harmoni funtion on N , (f ◦ϕ(Bp0t∧τ ))t≥0 is a ontinuous loal
martingale. By Corollary 3.10 this means that f ◦ ϕ is harmoni.
In other words, we have shown that ϕ pulls-bak (loal) harmoni funtion
on N to (loal) harmoni funtion on K \ ((n − 2) − skeleton). But we
have already proved in the proof of the Corollary 3.10 that (loal) harmoni
funtion on K \ ((n− 2)− skeleton) are (loal) harmoni on K.
We onlude that ϕ is a harmoni morphism. 
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